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Abstract
If N = qkn2 is an odd perfect number given in Eulerian form, then
Sorli’s conjecture predicts that k = νq(N) = 1. In this article, we give a
short proof for this conjecture.
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1 Introduction
If N is a positive integer, then we write σ(N) for the sum of the divisors of N .
A number N is perfect if σ(N) = 2N . It is currently unknown whether there
are infinitely many even perfect numbers, or whether any odd perfect numbers
(OPNs) exist. Ochem and Rao recently proved [8] that, if N is an odd perfect
number, then N > 101500 and that the largest component (i.e., divisor pa with
p prime) of N is bigger than 1062. This improves on previous results by Brent,
Cohen and te Riele [2] in 1991 (N > 10300) and Cohen [3] in 1987 (largest
component pa > 1020).
An odd perfect number N = qkn2 is said to be given in Eulerian form if q is
prime with q ≡ k ≡ 1 (mod 4) and gcd(q, n) = 1. (The number q is called the
Euler prime, while the component qk is referred to as the Euler factor. Note
that, since q is prime and q ≡ 1 (mod 4), then q ≥ 5.)
We denote the abundancy index I of the positive integer x as
I(x) =
σ(x)
x
.
In his Ph. D. thesis, Sorli [9] conjectured that k = νq(N) = 1. (More
recently, Beasley [1] points out that Descartes was the first to conjecture
k = νq(N) = 1
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“in a letter to Marin Mersenne in 1638, with Frenicle’s subsequent observation
occurring in 1657”.)
In the M. Sc. thesis [7], it was conjectured that the components qk and n
are related by the inequality qk < n. This conjecture was made on the basis of
the result I(qk) < 3
√
2 < I(n).
In the recent preprint [6], Dris presents compelling “heuristic evidence” that
gave him (together with Dagal) the motivation to come up with a proof for the
conjunction
{k = 1} ∧ {q < n}.
2 The Proof
Let N = qkn2 be an odd perfect number given in Eulerian form. Recall the
following result from [4], which gives a sufficient condition for Sorli’s conjecture.
Lemma 1. Let N = qkn2 be an odd perfect number given in Eulerian
form. If n < q, then k = 1.
We now prove some preliminary results.
Lemma 2. Let N = qkn2 be an odd perfect number given in Eulerian
form. Then the inequality n < qk is true if and only if the biconditional
k = 1⇐⇒ n < q is true.
Proof. Suppose that N = qkn2 is an odd perfect number given in Eulerian
form.
Let n < qk. It is trivial to prove from this inequality that, if k = 1, then
n < q. Consequently, by Lemma 1, we have
n < qk =⇒ (k = 1⇐⇒ n < q) .
Now assume that the biconditional k = 1⇐⇒ n < q is true. Then we know
that either
(k = 1) ∧ (n < q)
or
(k > 1) ∧ (q < n)
is true. If (k = 1) ∧ (n < q) is true, then n < qk holds. On the other hand, if
(k > 1) ∧ (q < n) holds, then either of the inequalities
q < qk < n
or
q < n < qk
must be true.
We want to show that n < qk. Therefore, it suffices to disprove q < qk < n.
Update [November 3, 2013] : Recently, the author (together with Keneth
Adrian P. Dagal) was able to prove that q < n. This implies that the following
cases remain to be considered:
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• q = qk < n
• q < n < qk
In particular, the first case rules out q < qk < n. Therefore, q < n < qk
holds, and the claim follows, as desired.
Lemma 3. Let N = qkn2 be an odd perfect number given in Eulerian
form. Then the inequality n < qk is true if and only if the implication
k = 1 =⇒ n < q
is true.
Proof. The proof follows from Lemma 1 and Lemma 2.
Notice that Lemma 3 implies the following result.
Lemma 4. Let N = qkn2 be an odd perfect number given in Eulerian
form. Then the inequality qk < n is true if and only if the conjunction
(k = 1) ∧ (q < n)
is true.
In particular, Lemma 4 implies the following corollary.
Corollary 5. Let N = qkn2 be an odd perfect number given in Eulerian
form. If k > 1, then n < qk.
Note that the contrapositive of Corollary 5 provides another sufficient con-
dition for Sorli’s conjecture on odd perfect numbers.
Corollary 6. Let N = qkn2 be an odd perfect number given in Eulerian
form. If qk < n, then k = 1.
Notice that Corollary 6, together with Lemma 4, implies that
qk < n⇐⇒ q < n.
We can therefore state the following result.
Corollary 7. Let N = qkn2 be an odd perfect number given in Eulerian
form. If q < n, then k = 1.
Finally, we now have the following theorem.
Theorem 8. If N = qkn2 is an odd perfect number given in Eulerian
form, then k = 1.
Proof. The proof is trivial and follows from Lemma 1 and Corollary 7.
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3 Conclusion
The proof of Lemma 2, as it stands, is currently dependent on the logical
validity of a recent proof of the author (together with Keneth Adrian P. Dagal)
of the inequality q < n, for N = qkn2 an odd perfect number given in Eulerian
form. If the proof passes scrutiny, the inequality q < qk < n will then be
proved false. Following the argument detailed in this paper, we now have a
short proof for Sorli’s conjecture on odd perfect numbers. Additionally, we
obtain the inequality qk < n, which validates Dris’s conjecture on odd perfect
numbers, which was originally in his M. Sc. thesis [7] and which subsequently
appeared in [4].
The interested reader is referred to the preprint [6] for the “heuristic evi-
dence” that motivated Dagal and Dris to come up with a proof for the con-
junction
{k = 1} ∧ {q < n}.
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